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Abstract

Mathematical and scientific fields of study that are interdisciplinary include chaos theory. chaos theory
explains how there is sensitive dependence on initial conditions, meaning that small change in one state of a
deterministic nonlinear system can lead to large differences in a later state. The nonvolatile meminductor
and memcapacitor models are used to design a nonlinear chaotic oscillating circuit. There is a system of
equations derived from chaotic oscillator which is called chaotic oscillator system. The predictor corrector
method is presented by using the help of explicit Adams method and implicit Adams method. The predictor
corrector method is proposed for solving a chaotic system of differential equations. A new iterative method
is proved using characteristics and some fundamental definition of fractional calculus. The new iterative
method is used for solving the chaotic system of fractional differential equations. The domain is divided
into smaller domains, and an approximative solution for the whole domain can be obtained by solving
iteratively. The simulation results are presented. Output chaotic phases are shown in figures. An analysis of
the chaotic oscillator system ’s stability is conducted.
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1. Introduction

A nonlinear circuit built using models of
nonvolatile meminductor, memcapacitor and
memristor is called a chaotic oscillator [1-20].
chaotic  oscillator’s application areas are
synchronization approach which depends on
initial setting and communication encryption. In
this study, the chaotic oscillator system [21-23]
is taken the following form.

DZp(t) = P(t)
DZq(t) = Q(t)

DAu(t) =U(t)

First, the predictor corrector method (PCM)
[24-26] is a class of algorithms designed to
integrate ordinary differential equations (ODES)
and find an unknown function that satisfies a
given differential equation. PCM is presented
using the help of two methods (explicit Adams-
Bashforth method and Adams Moulton implicit
multistep-method). The combination between
explicit method to predict and implicit method is
to improve predict value. The Explicit Adams-
Bashforth method is used to prove predict value.
The implicit multistep method of Adams
Moulton is used to prove the correct value.

Second, fractional order differential
equations are frequently encountered in a variety
of applications so, they have been the subject of
numerous studies. Several scientific domains
have utilized fractional numerical calculus [27-
30]. Derivatives and integrals of any order,
including distributed, constant, and variable are
studied in fractional calculus, so called fractional
differential equations (FDESs) [31-34]. The paper
presents a new iterative technique for solving
fractional differential system. The new iterative
method depends on dividing the domain into

(1'g‘r)naller domains and solving each subdomain

iteratively. Some fundamental definitions of
FDE are presented. Caputo’s definition [35,36]
has a better initial condition, so it is more
appropriate. The fractional derivatives are
characterized by the Caputo sense. After that, the

system's stability analysis is presented.

Many researchers used ode45 for the
solution of nonlinear ODE system as in [21, 37]
and references therein. Also, many researchers
used Grunwald Letnikov definition (GLD) for
the solution of nonlinear FDE system as in [35]
and references therein. The first main objective
of this work is solving chaotic system (ODE)
using the PCM. The chaotic system has taken its
equation as FDEs. The second main objective is
solving initial value FDESO using a new iterative
technique.
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This paper is organized as follows: In
Section 2, PCM and a new iterative method are
presented in detail. Section 3 contains some
numerical results for solving chaotic oscillator
system using PCM and numerical results for
solving the fractional order of chaotic oscillator
system using an iterative method. In Section 4,
we study the stability analysis of the system. The
Routh Hurwitz rule is used to check the stability
analysis of the system.

2. Methods description for ODEs and

FDEs

Through this section, we present PCM and
a new iterative method. We use PCM to solve
chaotic system of ODEs and a new iterative
method to solve chaotic system of FDEs.

2.1. Predictor corrector method

PCM uses a suitable employs an
appropriate combination of explicit and implicit
techniques to achieve better converge. PCM uses
the fourth order Adam-Bashforth method as
predictor. By using the explicit Adams-Bashforth
method, also known as the predict value, we can
obtain the first approximation. We use one
iteration of the Adams-Moulton implicit to
obtain the correct value.
The predicted value is.

*

pn+1_pn+
h

o (5P ~59R, +37R, <P, )
Q=0+

h
1 (55Q,-59Q, ,+37Q, ,-9Q, ,)
U

%(SSUH 50U, +37U, ,-9U )

=u +

n+1 n

and correct value is
pn+l = pn
h
+ﬂ(9P +19P, 5P, , +P..,)

n+l

qn+1 = qn

+2_h4 (an+l +19Qn - 5Qn—l + Qn+2) (22)

+19U —5U, , +U._.,)

n+1

+ n (U
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The first four values of each output variable need
to be known, so we can calculate them using
Rung-Kutta of second order (RK-2) [38-40].

2.2. lterative method for solving

fractional initial value problems.

We give an overview of how fractional
initial value problems (FIVPs) can be solved
numerically [41-49]. To solve the problem
iteratively and get an approximation for the
entire domain, we divided the domain into
subdomains. This method justification is shown
on the system of the form Eq. (1.1).

At 0< B <lfori=12,...,] with initial
values

p(@)=a
q(@)=a,
u@) =¢

where &, @,,"",a; €R.

A few basic definitions and features of fractional
calculus theory are necessary to understand:

1. A left-sided Riemann-Liouville

fractional integral operator of order S

is defined as
Ix(1) :Tﬂ)ﬁ(t—r)ﬂ'lx(r)dr
, PeR,
Where t € [a,T] and I' is described
(2.1) as the gamma function of Euler by
I(B) =[7s""eds
2. The left-sided Caputo fractional
derivatives operator [50,51] is defined
as follows.
DZx(t) = 31" x™(t) =
1

[t =)™ x™(7)dr,

(m-4)
for feR,m :|_,B—| where m is the
ceilingof B,and t e [a,T].

3. forte [a,T] we have
DZJ/x(t) = x(t).
J7DIX(t) = x(t) - (2.6)

m-1 tk

> x¥(a)—

K=0 k!
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N-—subintervals are created within the domain
[a,T]using the grid points t =a-+nh,
n=0,1...., N whereh indicates a uniform step
size¢ h=(T —a)/N. Writing the domain in

N
one way isM =|_JM_ where M =[t .t ].
n=1

Since f € (O, 1], we consider that at the nodes
t, , the solution is continuous.

For t € M Eq. (1.1) convert to
D% p,(t) =P(t, p,®)),

pnl nl n>1
a,, n=1

D/ q,(t) = thm
Gna ( >1
a,, :1'
Dtﬁlun(t) =U (t,u, (1)),

Un () :{ Ups(tha), N>1

a, n=1

by taking thil where i =1,2,...,1 for both

sides
32 DP p(t) =2 P(t, p(t))

J“D@MU J2Q(tq(t))

JﬂﬂiM0=JﬂUana»

using Eqg. (2.4) and Eq. (2.6) the output for each
side will be.

mm—mm0=
NAJ t-) P p,()dr
qao—%a_o=
I (-9 Qe p,()dr

F(ﬂz)

u (t)—u (t,.) =

FWm[(_ﬂ u&u@»m

At nodet, ,, the result is obtained by applying
the continuity condition e,
X,(t, ) =X, (t,,) and for te M Eq. (2.9)

on sub-domain M _ is equivalent to the

n
following integral equation:

pn (t) = pn 1(tn 1)+

ja 7)*P(z, p, ()7

F(ﬂl)
o (t) =0y (t 1) +

.“trVZQ&q(ﬂMT (2.10)

F(ﬂz

u, () =u,, (t,_)+

2.7) r(ﬂ)jt t—7)"'U (T,un(r))dr

by approximate the function.

P(T! pn (T)) ~ P(tn—l’ pn—l(tn—l))
:Q(Tv q,(7)) = Q(t, 4,9, 4 (t, ) 2.11)
U (T' un (T)) ~ U (tn—l’ un—l(tn—l))
at point t=1 ,. After integration Eq. (2.10)
convert to
pn (t) = pn—l(tn—l) +
P(tnfli P (tn—l)) (t _tn—l)ﬁl
(2.8) L(B)
0y (1) = Gy (1) +
Q( n-1? Qn—l(t —1)) (t t )ﬁz
I'(5,)

(2.12)

;J (t) =Uu, 1(t 1)"’
U(tn l’ n 1(tn l)) (t tn l)ﬁ,
r'(4)

by replacing t by t, Eq. (2.12) can be solved

(2'8§ing explicit Euler method.
3. Results and discussions

Case 1:

A chaotic oscillator circuit [52,53] was
presented in [13] and a chaotic system Eqg. (3.1)
is produced from chaotic oscillator circuit. In this
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example, we consider £ =1, so the system is
written as

% = g,r(t) +g,r(t)s(t)
—p(t)

% = 9;0(t) + 9, q(Du* )
—gr(t)—ger(t)s(t)

% =g,4(t) + g,a()u’ ()
—0s P(t)

ds(t) _

T =gyl (t)

du(t) _

S 9,,9(t)

with parameters:

0, =1.73,9,=-2.04,9,=0.46,9, = 0.04,
g, =0.67,9,=0.19,9, =0.48,9, =0.52
and 09=0=011= 21

and initial conditions are

p(0) =0.2,G(0) = 0.5, r(0) = 0.45,5(0) = 0.1

and u(0)=.5
The time step is h, =.005 and the time of
simulation T =1000, so the number of points

N=T/h.

Step one: we calculate the four initial values
using RK-2 and the output is presented in Table
1.

Step two: we get the predict and correct values
for each variable.
Let

A= glr(t)+

g,r(t)s(t) — p(t)

B = g,q(t) + g,q(t)u’(t) -
g5t (t) — ger (t)s(t)

C= g7q(t) +

gea(t)u*(t) — gy p(t)

D= glor(t)

E= gllq(t)

predict values are.

3.1)
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p*n+1 = pn t
(654,594, +3TA,, 94,
q*n+l = qn +

%(SSBn _59B,,+37B,~9B, )

*

o =r+

n+1 n

%(55% ~59C, ,+37C, ,-9C, )

*

S =S+

n+l n
%(SSDH ~59D, ,+37D, ,-9D, )

U, =U+

n+l n
%(SSEH ~59E , +37E,,-9E, )

and correct values are.
pn+l = pn +
L (9A +19A, ~5A  +A,)
qn+1 = qn +

%(9 B, +19B, —5B_, +B,.,)

rn-¢—1 = I’-n +

i (gcn+1 +19Cn - 5C:n—l + C:n+2)
24

Sn+1 = Sn +

i (9 Dn+1 +19 Dn _5Dn—1 + Dn+2)
24

un+1 = un +

% (9E,., +19E, —5E, , +E,,,)

The chaotic phase between
p—qg,q—S,r—u,r—s,s—uand p—s are
shown in Figures (1-6), respectively.

Adam-Moulton implicit method give better

3. ults than explicit Adams-Bashforth for the

same order. The combination between explicit
method to predict and implicit method to
improve the results. The same system of ordinary
differential equation is solved using ode45 in
[21]. Predictor corrector output has greater
accuracy than ode45, so it is better to use PCM
than ode45.
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Table (1) the first four values of outputs using RK-2

p q r s u
0.2000 0.5000 0.4500 0.1000 0.5000
0.4110 0.4381 0.5623 0.1517 0.5486
0.5658 0.3216 0.6338 0.2131 0.5882
0.6516 0.1528 0.6507 0.2792 0.6134
i!
e " - - ,”a" 2 - - A Y 0 1 Pl
Fig. (1) chaotic phase between p — q Fig. (2) chaotic phase between q — s
s oAk I
Fig. (4) chaotic phase between r — s
F z .
1 54‘ s - s o 05 M “0 . K ”’-’I) o 3 - L]
Fig. (5) chaotic phase between s — u Fig. (6) chaotic phase betweenp — s
Case 2: DA P() =g,r()+

For the same Case 1 mentioned above we have
the same system of equations. Now, we need to
solve it as a system of FDE mentioned in [49].
The value for 0< <1 and with the same

parameter and initial values in Case 1. Instead of
system in Eq. (3.1), we get the following set of
FDEs .

g,r(s()— p)
. DF2q(t) = g,q(t) + g,q(t)u®(t)
—gsr(t) — ger(t)s()
D r(t) = g,q(t) +
gsa(t)u?(t) — g, p(t)
2 DFs(t) = gy,or(t)
a Dfsu(t) = gllq(t)
where B,=.9,8,=5,=0,=,=1.Case 2

is different from Case 1 in h . In Case 1
h =.005and in this Case 2 h, =.0005.
Iterative method works in wide range, so we
minimize hI If we apply iterative method

described in Section 2, we can get
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Aty Py (ta)) = Gl (b ) +
9ol s (6 1)So o (ts) = Poa(ty)

B (tnfl, Uy (tnfl)) =09, ,(t )+
9402 (b )Uy " (b y) = G5 (8 ) —
ol (th1)S0 ()

C(tygs oy (1)) = 8,0, () +
9801ty )y " (t 1) = 9o Prs (8 )
Dty Srp (tr1)) = Guolha ()

n-1' <(n-1)
E(tn 1’u(n 1)( )) 91,0, 1(tn 1)

and hence, we obtain.
pn = pn71+
-,
I(4+2)
(ﬂlA(tn—l' pn—l (tn—l))+ A(tn’ pn (tn )))
qn = qn71+
h .
[(g,+2)
(ﬂzB (tn—ll qn—l (tn—l)) + B (tn ' qn (tn )))
r=r,

hﬂa coler
g g At Cln 1)

Sp =S4t

- ;j; 5 (A0 (t,0,2(t,1))+D(t,5, (t,))

un =Uu n—1+
h* .
I(f;+2)
(ﬂS ( n- 1' (tn—l))+ E (tn’un (tn )))
The chaotic phase between

p—d,p—S,S—u,y—s, r—uand r—s
are shown in Figures (7-12), respectively.
We use small N, to get better results as iterative

method works correctly for wide range. The
same system of fractional differential equation is

Solution of fractional order chaotic oscillator system

solved using Grunwald-Letnikov definition
(GLD) and output results is shown in [49]

4. Stability analysis of the system
Let
d d dr ds du
69 5% q e q O
in Eq. (3.3), the system will be
glr(t) + gzr(t)s(t) -
p(t)=0
95a(t) + g,a(t)u’(t)
_gsr(t) - gsr(t)s(t) =0
9,a(t) + g,a(t)u”(t) -
9 p(t) =0
glOr(t) =0
gllq(t) =0

The system’s equilibrium points can set as
L(0,0,0,v,,V,) , this suggests that the number
of equilibrium points in this system are infinite.

According to the system in Eq. (3.1), The system
’s jacobine matrix expressed as

-1 0 g,+g,y, 00
0 gs+94V22 A 00
Je=|-0 G;+gv; 0 00
0 0 d, 00
0 0, 0 00

And the characteristic equation can be calculated

as follows.
(3.7
A° = (%, -DA* +
(X3 =X, = X4X5M'3 -

(XXX, + X, X5 ) A2 =0
Where X, = 0, +0,V,, X, = 0 + 0,V

Xy = 0g. X, =—0s — OgVy . X6 = G + JgV
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g0

2 A8 A 0.8 0 0.5
s(1)

1 T T o v T T

)
Fig. (11) chaotic phase between r — u
The Routh Hurwitz rule states that, if
2
d, =% +1d, = (X, =% = XX =%X,X) / (X, =)
, 0y =—X,X — X X,X;are all positive, the
system ’s eigenvalues will all be negative, and
the system will be stable. Therefore, for this

system to function in a chaotic state, at least one
of its eigenvalues needs to be positive. This

implies that d,,d,and d,shouldn’t all be
positive. Because of this, we could set L like
L(0,0,0,0,4) with the same parameters. We
get d, =—1<0 which indicate that, at any

equilibrium point, this system is unstable and the
ability to create chaos within the system.

5. Conclusion
PCM is used to solve ODEs of chaotic
system. Matlab is the software was used for

“ 3 2 A 0 1 2
ot

Fig. (10) chaotic phase between q — s

T

Fig. (12) chaotic phase between r — s
simulation. Output results from PCM are more
accurate than results of ode45. The same chaotic
system of equations is solved as FDEs. Iterative
method is used to solve the chaotic system of
FDEs. The iterative method depends on splitting
domain into small domains. The iterative method
deals with FDEs with large domains, so it works
correctly at small step size. Studying stability
analysis of the system assure that the system is
unstable. Other dynamical properties and a
memory effect are detected by applying
fractional order derivative to the mathematical
model of the oscillator elements. Additionally,
the derivative orders give us an increased degree
of freedom.
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